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By means of fractional calculus techniques we find explicit solutions of Volterra
integral equations of the second kind and fractional differential and differintegral
equations, involving Erdelyi]Kober fractional integrals and derivatives. Also, someÂ
hypergeometric integral equations have been considered and solved as double
Erdelyi]Kober equations of the second kind. We use the transmutation method toÂ
reduce the solutions of all these equations to known solutions of simpler Rie-
.mann]Liouville equations of the same type. Some examples are given. Q 1997
Academic Press
1. INTRODUCTION
Fractional integral, differential, and differintegral equations FIE, FDE,
.  .FDIE , involving the Riemann]Liou¨ille R-L integrals of order d ) 0,
x d1 x 1dy1 dy1dR y x s x y t y t dt s 1 y s y xs ds , .  .  .  .  .H H
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and R-L deri¨ ati¨ es Ryd [ Dd, d ) 0,
n¡ d
dyn w xR y x , if d noninteger, n s d q 1 .d ~  /D y x s 2dx .  .¢ n.y x , if d s n integer, .
whave been recently solved explicitly by various authors in 4, 5, 7, 10,
x d  .13]16, 18]20, 22, 23 . The solutions of the first kind equations R y x s
 .  .f x are well known. Abel 1823 was the first to solve effectively such an
 .equation with d s 1r2 called now the Abel integral equation by means of




y x y l K x , t y t dt s f x , 3 .  .  .  .  .H
a
 .  .  .where f x , K x, t are given functions, l is a parameter, and y x is the
sought solution, are called Volterra integral equations of the second kind.
Solutions of the R-L fractional integral equation of the second kind
d Äy x y lR y x s f x 4 .  .  .  .Ä Ä
w xhave been found respectively by Hille and Tamarkin 7 by means of the
w xLaplace transform, Ross and Sachdeva 16 by the techniques of fractional
calculus, and many others by means of operational calculus see, e.g.,
w x.Gorenflo and Luchko 4 :
x
dy1 dÄ Äy x s f x q l x y t E l x y t f t dt. 5 .  .  .  .  .  .Ä H d , d
0
Analogously, the Cauchy problem for the R-L fractional differential equa-
tion
d ÄD y x y l y x s f x .  .  .Ä Ä
6 .
dyj D y x s b , j s 1, 2, . . . , n; n y 1 - d F n .Ä xs0 j
has a solution see Examples 42.1, 42.2 in Samko, Kilbas, and Marichev
w x.18 :
n x
dy1 ddyj d Äy x s b x E l x q xyt E l xyt f t dt. .  .  .  .  .Ä  Hj d , 1qdyj d , d
0js1
7 .
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w x w xRecently, Al-Saqabi 19 and Tuan and Al-Saqabi 23 , using techniques
w xsimilar to those in 16 , have found solutions to more general differintegral
equations involving both R-L fractional integrals and derivatives,
m n ÄD y x y lR y x s f x , m ) 0, n ) 0, 8 .  .  .  .Ä Ä
namely,
ny1
myjy1 mqny x s a x E l x .  .Ä  j mqn , myk
js0
x mqnmy1 Äq x y t E l x y t f t dt. 9 .  .  .  .H mqn , m
0
 .All of the above solutions involve the Mittag]Leffler M-L functions
 w x.for properties and applications see, e.g., 2, 3, 10, 14
` kx
E x s , a ) 0, b ) 0. 10 .  .a , b G a k q b .ks0
In this paper we consider integral, differential, and differintegral equa-
tions involving more general operators of fractional integration and differ-
 .entiation, called Erdelyi]Kober E-K fractional integrals and deri¨ ati¨ es,Â
 w x.respectively see 21, 10 ,
g , d ygqd . d g 1r bI y x s x R x y x .  . bb xªx
yb gqd . xx dy1b b bg bs x y t t y t d t .  .  .H
G d . 0
1 1 dy1 g 1r bs 1 y s s y xs ds 11 .  .  .H
G d . 0
and
g , d yg d gqd 1r bD y x s , 12x D x y x .  . . bb xªx
 .  .with real d ) 0, g , and b ) 0. Evidently, for g s 0, b s 1, 11 , 12 turn
 .  .into 1 , 2 . The additional parameters g , b allow more generality and
these operators have found a large number of applications in analysis,
w xmathematical physics, and other disciplines 21 . Fractional differintegral
equations and Volterra type integral equations of the second kind, in¨ol¨ ing
 .  .E-K operators 11 , 12 ,
xyb dDa , d y x y l x bn I m , n y x s f x , 13 .  .  .  .b b
y x y l x bdI aqd , d x bn I ayn , n y x s f x , d ) 0, n ) 0, 14 .  .  .  . .  .b b
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arise very often in various problems, especially describing physical pro-
 .  .cesses with aftereffects. However, solutions of 13 , 14 ha¨e not been
found explicitly by now.
To solve each of the above equations, we apply the transmutation
method. It consists in applying suitable transformation operators that allow
  .  ..us to find solutions of new and more complicated problems like 13 , 14
via their ``translation'' to known solutions of simpler old problems in our
 .  .  .  .  .  . .case}to solutions 5 , 7 , 9 of Eqs. 4 , 6 , 8 with R-L operators , see,
w x  .e.g., 6; 10, Definition 3.5.1 . For the simplest cases of 13 an operational
method based on a Laplace type transformation the Borel]Dzrbashjan
w x w x.integral transform, see Dimovski and Kiryakova 1 , Kiryakova 10, Chap. 2
w xis also applicable, similar to that in 7 . Then the solutions are expressed in
w xterms of the convolutions of E-K operators, found by Kiryakova 9, 10 .
 .Suitable substitution could also reduce Eq. 13 with either d s 0 or n s 0
 .  .to R-L equations 4 , 6 . However, we apply the transmutation method
 .  .that turns out to be more effective in the general cases 13 , 14 and gives
 .  .an idea how Eq. 3 with more complicated kernels K x, t can be
attacked. The transmutation operators used in this paper are fractional
calculus operators.
We look for solutions in spaces of weighted continuous functions of the
form
k . p Ä Ä k .wC [ f x s x f x ; p ) m , f g C 0, ` , .  . . 4m
C [ C 0. , with real m , 15 .m m
although spaces L , L m can be considered too.p p
Â2. ERDELYI]KOBER INTEGRAL AND
DIFFERENTIAL EQUATIONS
 .  . w xBy analogy with 4 , 6 , in 20 we consider integral and differential
 .  .equations of form 13 , involving either an E-K fractional integral 11 or
 .an E-K fractional derivative 12 with arbitrary parameters, i.e., first we
restrict to the case when either d s 0 or n s 0.
w xThe following explicit solutions have been found in 20 , summarized in
Theorems 1, 2.
 .  4THEOREM 1. The unique solution y x g C , m G max 0, yg y 1 ofbm
 .the Volterra integral equation of the second kind 15 , i.e.,
dy1b bx x y t .
bd g , d ybg bg by x y l x I y x s y x y l x t y t d t .  .  .  .  .Hb G d .0
s f x , 16 .  .
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 4with f g C , m G max 0, yg y 1, has the explicit form of a con¨olutionalbm
type integral:
x dy1 dybg b b b b bg by x s f x q l x x y t E l x y t t f t d t . .  .  .  .  .  .H d , d
0
17 .
 .  .Proof. The homogeneous equation 16 f ' 0 has only the trivial
solution y ' 0 and this yields the uniqueness of the solution g C in thebm
nonhomogeneous case.
 .  .To apply the transmutation method to Eqs. 4 , 16 , that is, to transform
the former into the latter, we need transformation relating the operators
L [ x bdIg , d , L [ x dIg , d , Rd s x dI 0, d .d , b b d , 1 1 1
They are given by the E-K fractional integral
gy1
x x y t .
0, g ygT s I in the form T F x [ x F t dt 18 .  .  .H1 G g .0
and by the mapping
Vy1 : C ¬ C , Vy1 : f x ¬ f x b , b ) 0. 19 .  .  .m bm
 .  .Let us have in mind that E-K fractional integrals 11 preserve spaces 15
 w x.see 10, Chap. 1 , in a sense that
Ig , d : C ¬ C n. ; C , for m G y g q 1 , n y 1 - d F n .b bm bm bm
and whence all the operators, involved in our considerations,
T , Rd, L , L , Vy1 act in C or C with either m G y1 or m G yg yd , 1 d , b m mb
1. To encompass these spaces in both cases g G 0 and g F 0, we use
 4further the denotation C , C , m G max 0, yg y 1.m bm
w xThe techniques of fractional calculus 10, Chap. 1 allow us easily to
 4establish the following similarity relations in C , m G max 0, yg y 1:m
TRd s L T , i.e., T : Rd s x dI 0, d ¬ L s x dIg , d , g g R, 20 .d , 1 1 d , 1 1
Vy1L s L Vy1 , i.e., Vy1 : L ¬ L . 21 .d , 1 d , b d , 1 d , b
 .  .This means that the transmutation operator from 4 to 16 in C ism
T* s Vy1T : Rd ª L , since T*Rd s L T*, 22 .d , b d , b
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C Cbm bmLd , b
 .  .For simplicity, we consider first Eq. 16 with b s 1. Denoting Ty x [Ä
Ä .  .  .  .y x , Tf x [ f x , from relation 20 we observe that T transforms the
 .simpler Eq. 4 into the E-K equation, namely,
d ÄT : y x y lR y x s f x ¬ y x y lL y x s f x , .  .  .  .  .  .Ä Ä d , 1
 .that is, it transforms also the known solution 5 into the sought solution of
 .16 ,
x
dy1 dÄ Äy x s Ty x s T f x q l x y t E l x y t f t dt .  .  .  .  .  .Ä H d , d 5
0
x
dy1 dyg gs f x q l x x y t E l x y t t f t dt , 23 .  .  .  .  .H d , d
0
 .  .which is expression 17 with b s 1. The details of evaluation of 23 can
w xbe seen in 20 .
To transfer this result to the case of arbitrary b ) 0, we apply mapping
 .19 ,
y1 b b ÃV : y x ¬ y x [ y x , f x ¬ f x [ f x .  .  .  .  .  .Ã
 .and use relation 21 . Thus,
y1 y1 ÃV y x q lV L y x s y x q lL y x s f t , .  .  .  .  .Ã Ãd , 1 d , b
 . y1  .  .  .that is, the image y x s V y x g C of y x given by 23 , is theÃ bm
 .unique solution of FIE 16 with arbitrary b ) 0:
x dy1 dybg b b b b bg bÃ Ãy x s f x q l x x y t E l x y t t f t d t . .  .  .  .  .  .Ã H d , d
0
This ends the proof.
FRACTIONAL DIFFERINTEGRAL EQUATIONS 353
By means of a similar transmutation operator T we find the solutions of
FDEs involving Erdelyi]Kober derivatives, of the formÂ
D s xyb dDa , d , d ) 0,b
 .  .  .as transformations T y x of the known solutions 7 of 6 . The followingÄ
auxiliary result is used.
LEMMA. In C n., m G y1 the following relation between factional deri¨ a-m
ti¨ es Dd and D, b s 1 ¨ia the transmutation operator
T s I 0, aqd : C  i. ¬ C  i. , m G y1, i s 0, 1, 2, . . . 24 .1 m m
holds:
n ykx
dTD y x s DTy x y b . 25 .  .  .Ä Ä  k G a q d y k q 1 .ks1
w xThe proof is given in 20 . Then, we can establish the following
THEOREM 2. The general solution of the E-K fractional differential equa-
 4tion with f g C , m G max 0, ya y d y 1,bm
xyb dDa , d y x y l y x s f x 26 .  .  .  .b
n.  4in the space C , m G max 0, ya y d y 1, n g N, n y 1 - d F n, hasbm
the form
n
b dyj. bdy x s b x E l x .  . j d , aq2 dyjq1
js1
x dy1 dyb aqd . b b b aqd . b b bqx x yt t E l x yt f t d t .  .  .  .H d , d
0
27 .
with arbitrary constants b , j s 1, . . . , n, depending on the initial ¨alue data.j
Proof. For simplicity we assume that b s 1. Consider R-L fractional
 .differential equation 6 and apply to both sides the E-K transmutation
Ä .  .  .  .  .  .operator 24 , denoting y x s Ty x , F x s TF x . According to 25 ,Ä
the result is
n ykx
D y x y l y x s F x q b [ f x , .  .  .  . k G a q d y k q 1 .ks1
 .  .that is, Eq. 26 . Thus, its solution is the T-image of solution 7 with
n ykx
y1 y1ÄF x s T F x s T f x y b . .  .  .  k 5G a q d y k q 1 .ks1
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 wAfter complicated but routine manipulations see 20, Proof of Theo-
x.rem 2 , we obtain the solution
n
dyj dy x s T b x E l x .  . j d , 1qdyj
js1
x
dy1 d Äq x y t E l x y t F t dt .  .  .H d , d 50
 .in the form 27 with b s 1. The case of arbitrary b ) 0 follows by the
transformation Vy1. The conditions d ) 0, f g C , m ) ya y d y 1bm
 .ensure the convergence of integral 27 .
3. SOLUTIONS TO HYPERGEOMETRIC INTEGRAL
EQUATIONS OF THE SECOND KIND
w x  .In this paper we extend the method from 20 to the case of Eq. 13 with
 .both d / 0, n / 0 as well as to hypergeometric integral equations 14 of
 .the second kind. We show that solving differintegral equations 13 , similar
 .to 8 and involving both E-K fractional integrals and derivatives, can be
easily reduced to solving integral equations in¨ol¨ ing products of two differ-
ent E-K integrals.
w xAccording to 10, Theorem 1.2.10 , each product of two commuting E-K
 .fractional integrals 11 can be represented by means of a generalized
 . 2-tuple fractional integral, involving a Gauss hypergeometric function for
.simplicity we let here b s b s 1 ,1 2
Ig1 , d1 Ig 2 , d 2 y x s I g 1 , g 2 . , d1 , d 2 . y x .  .1 1 1 , 1. , 2
1 g q d , g q d1 1 2 22, 0s G s y xs ds .H 2, 2 g , g1 20
d qd y1g 1 22s 1 y s .1
sH
G d q d .0 1 2
= F g q d y g , d ; d q d ; 1 y s y xs ds , .  .2 1 2 2 1 1 1 2
28 .
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called the hypergeometric fractional integral. The same can be also written
as an integral from 0 to x by the substitution s s trx. It is supposed that
 .y g C , g G ym y 1. Operators 28 have been considered by Kiryakovam 1, 2
w x  .  .10 as special cases m s 2 of the so-called generalized m-tuple frac-
tional integrals.
For the first time, the methods of fractional differintegration in studying
 .hypergeometric integral equations of the first kind, involving operators 28 ,
w xhave been applied by Love 11, 12 . He has found necessary and sufficient
conditions for the uniqueness of the solutions and has represented them
 .explicitly by means of operators of the same type 28 . Hypergeometric
w xfractional integrals have been also considered by Kalla and Saxena 8 ,
w x w xSaigo 17 , Srivastava and Buschman 22 , etc.
Here we solve some hypergeometric integral equations of the second
kind, that involve products of two E-K fractional integrals of the form
H y x s x dI aqd , d xnI ayn , n y x s x dqn I aqdqn , dI ayn , n y x .  .  . . .1 1 1 1
s x dqn I aqdqn , ayn . , d , n . y x ; y g C , m* G n y a y 1, .1, 1. , 2 m*
29 .
with arbitrary a g R and fractional multiorder of integration d ) 0, n ) 0.
To solve the Volterra integral equation of the second kind
y x y lH y x s F x , .  .  .
 .we reduce it to Eq. 4 , using the transmutation method again.
 .THEOREM 3. The unique solution y x g C , m G n y a y 1 of them
hypergeometric integral equation of the second kind
y x y lH y x .  .
dqny1 aynx x y t t .
nyas y x y l x . H
G d q n .0
t
= F yn y d , d ; d q n ; 1 y y t dt s F x 30 .  .  .2 1  /x
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with F g C , m G n y a y 1, is gi¨ en by the formulam
n k k`l y1 G n q 1 y1 x G n y k q a .  .  .  .ydyay x s F x q x .  . 
G d k!G n y k q 1 .  .ks0
x 2 dq2nyky1y1= T F t x y t .  .H
0
dqn
=E l x y t dt . 31 .  .dqn , 2 dq2nyk
Proof. Now we observe that the E-K fractional integral
T s xnyaIn , d : C , m G y1 ª C , m* G n y a y 1 32 .1 m m*
is a transmutation operator from the R-L integral Rdqn s RdRn into the
hypergeometric fractional integral H, i.e.,
T : Rdqn ª H , since TRdqn s HT in C . 33 .m
Indeed, the operational techniques known for the E-K fractional integrals
w x10, Chap. 1 , give in C , m G y1,m
Rdqn s RdRn s x dI 0, d xnI 0, n s x dqn In , dI 0, n .  .1 1 1 1
 .and together with 29 ,
TRdqn s xnyaIn , d x dqn In , dI 0, n s xnya x dqn I 2nqd , dIn , dI 0, n .  .1 1 1 1 1 1
s x dqn xnyaI 2nqd , dI 0, n In , d s x dqn Inqdqa , d xnyaI 0, n In , d1 1 1 1 1 1
s x dqn Inqdqa , dI ayn , n xnyaIn , d s HT . .  .1 1 1
 .Consider the R-L integral equation of form 4 , replacing d ¬ d q n ,
Ä Ä .  .f x ¬ F x ,
dqn Äy x y lR y x s F x 34 .  .  .  .Ä Ä
Ä .  .  .  .and apply transformation T , denoting y x s T y x , F x s TF x . Rela-Ä
 .tion 33 gives then
y x y l TRdqn y x s y x y lH y x s F x , .  .  .  .  .  .Ä
T
i.e., Eq. 34 ¬ Eq. 30 . .  .
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 .  .Then, the sought solution y x is the image of 5 with d ¬ d q n ,
Ä Ä .  .f x ¬ F x , and since
dy1 nx x y t t .
nya n , d ydyaT F x s x I F x s x F t dt ; .  .  .H1 G d .0
y1 y1y1 n , d nya n , d aynT F x s I x F x s D x F x .  .  .  . .1 1
s xyn Dd x dqaF x , 35 .  .x
we have
x
dqny1 dqnÄ Äy x s T F x q l x y t E l x y t F t dt .  .  .  .  .H dqn , dqn 5
0
x
ydya y1s F x q l x T F t K x , t dt , .  .  .H
0
 .with an inner integral after interchanging both integrations
dy1
x x y t . dqny1 dqnnK x , t s t t y t E l t y t dt .  .  .H dqn , dqnG d .t
< yto be evaluated. By the substitutions x y t [ y, t y t [ u , dt s du we0
 .put K x, t in the form
dy1
y y y u . n dqny1 dqnw xK s x y y y u u E lu du . .H dqn , dqnG d .0
The evaluation of the above integral can be done by replacing the term
w  .xn  .x y y y u by means of its series expansion Newton binomial series ,
interchanging the summation and the fractional integration and applica-
 wtion of the known formula for fractional integrals of M-L functions see 2,
x w  .x.Eq. 6 , or 10, Eq. E.28 :
R m y by1E l y a s y bqmy1E l y a , m ) 0. 36 .  .  . 4a , b a , bqm
Thus,
n k k`y1 G n q 1 y1 x G n y k q d .  .  .  .
K x , t s . 
G d k!G n y k q 1 .  .ks0
2 dq2nyky1 dqn
= x y t E l x y t .  .dqn , 2 dq2nyk
 .and routine calculations lead further to result 31 .
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 .Let us note that specific choices of the right-hand side F x and
 .  .  .parameters of 29 , 30 , turn 31 into simpler and efficient expressions
 .see Example 3 .
Theorem 3 is not only a self-contained result, but it happens to be useful
 .also in solving differintegral equations of the form 13 .
4. FRACTIONAL DIFFERINTEGRAL EQUATIONS INVOLVING
BOTH E-K INTEGRALS AND DERIVATIVES
 . n.THEOREM 4. The solutions y x g C , m G yd y a y 1, n g N,m
n y 1 - d F n of the fractional differintegral equation
xyd Da , d y x y l xnI ayn , n y x s f x , real a , d ) 0, n ) 0 37 .  .  .  .1 1
with f g C , ha¨e the formm
n yayjx
a , d dy x s b q I x f x .  . j 1G d y j q 1 .js1
n k k`y1 G n q 1 y1 x G n y k q d .  .  .  .ydyaq l x = ?
G d k! G n y k q 1 .  .ks0




F w G x s F x y t G t dt 39 .  .  .  .H
0
denotes the Duhamel con¨olution and b , j s 1, . . . , n, are arbitrary constants.j
 .Proof. To reduce differintegral equation 37 to an integral one, namely
 .to Eq. 30 , we use the relations between the E-K integrals and derivatives
 .  . a , d a , d  .  .11 , 12 : D I y x s y x and1 1
n yayjx
a , d a , dI D y x s y x y b , .  . 1 1 j G d y j q 1 .js1
n y 1 - d F n , y g C n. , m G ya y 1. 40 .m
a , d d  .Then, applying the E-K fractional integral I x to both sides of 37 , we1
get
I a , d x d xyd Da , d y x y l I a , d x d xnI ayn , n y x s I a , d x d f x , .  .  . . .  .  .1 1 1 1 1
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 .and further, relation 40 and the operational properties of E-K integrals
lead to
n yayjx
dqn aqdqn , d ayn , ny x y b y l x I I y x .  . . j 1 1 /G d y j q 1 .js1
s I a , d x d f x . .1
Denoting
n yayjx
a , d dF x [ b q I x f x g C , m G yd y a y 1, .  . j 1 mG d y j q 1 .js1
41 .
 .  .  .  .  .we obtain Eq. 30 , y x y lH y x s F x , whose solution is given by 31 .
 .  . y1  .It remains to replace F x by 41 and to evaluate T F t , according to
 .35 :
n yayjt
y1 yn d dqa yn d dqa a , d dT F t s t D t b q t D t I t .  4t j t 1 5G d y j q 1 .js1
[ T q T .1 2
 .After simple calculations, since 1rG 1 y j s 0, j s 1, . . . , n, we find
n yn d dyj n ynyj 4t D t t
T s b s ??? s b s 0 1 j jG d y j q 1 G 1 y j .  .js1 js1
and
T s tyn Dd t dqa tyaydRd t a t d f t s tyn t aqd f t s t aqdyn f t , .  .  .  .2 t
d d  .since D R s Id. In this way we obtain the solutions of 37 in the form
n yayjx
a , d dy x s b q I x f x .  . j 1G d y j q 1 .js1
n k k`l y1 G n q 1 y1 x G n y k q d .  .  .  .ydyaq x 
G d k!G n y k q 1 .  .ks0
x 2 dq2nyky1aqdyn= t f t x y t .  .H
0
dqn
=E l x y t dt , .dqn , 2 dq2nyk 5
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 .  .equivalent to 37 , where the notation w for the Duhamel convolution 39
is used. The arbitrary constants b , j s 1, . . . , n, depend on the initialj
dyj. .value conditions y 0 , j s 1, . . . , n, n y 1 - d F n.
y1  .Again by the transformation V , from 38 we can obtain the solutions
 .of FDIE of form 37 but involving E-K integrals and derivatives with
arbitrary parameter b ) 0.
5. EXAMPLES
To demonstrate the efficiency of the solutions from Theorems 1]4, we
 .give some examples. First we take particular right-hand sides f x .
 .  .EXAMPLE 1. Solution 17 of the E-K integral equation 16 of the
second kind takes the form
 .  . b pi for f x s x , p ) yg y 1,
b p bd bdy x s x 1 q lG p q g q 1 x E l x ; 42 .  .  .  .d , dqpqgq1
 .  .  b .ii for f x s E a x , arbitrary m, n , a g R,m, n
` k! kb b dyg . b bdy x s E a x q l x a x E l x ; .  .  .  .m , n d , dqkq1G n q km .ks0
43 .
 .iii if in the above case m s n s 1, we obtain the solution for
 .  b .f x s exp a x ,
`
kb b dyg . b bdy x s exp a x q l x a x E l x . 44 .  .  .  .  . d , dqkq1
ks0
 .  . b pEXAMPLE 2. Fractional differential equation 26 with f x s x , p )
 .ya y d y 1 has solutions 27 of the form
n
b dyj. bdy x s b x E l x .  . j d , aq2 dyjq1
js1
q G a q d q p q 1 x b dqp.E l x bd . 45 .  .  .d , aq2 dqpq1
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 .  . pEXAMPLE 3. Hypergeometric equation 30 with F x s x has a solu-
 .tion 31 of the explicit form
G nq1 G dqaqpq1 G aynqpq1 .  .  .np dqpy x s x ql x y1 .  .
G d G a q p q 1 .  .
k` y1 G n y k q a .  .
dqn= E l x . 46 .  . dqn , 2 dqaykqpq1k!G n y k q 1 .ks0
It is interesting to consider also special cases of Erdelyi]Kober operatorsÂ
 .  .  .  .in Eqs. 13 , 14 . Naturally, if d s b s 1, g s 0, a s y1, Eqs. 16 , 26
 .  .turn into the simplest ones 4 , 6 used as a base here.
EXAMPLE 4. Consider the so-called Dzrbashjan]Gelfond]Leontie¨ D-
.  .  .G-L integrals and deri¨ ati¨ es, special cases of the E-K operators 11 , 12 ,
w x w xstudied by Dimovski and Kiryakova 1 and Kiryakova 10, Chap. 2 :
l [ xIny1, 1r r s x r1r r .Iny1, 1r r ,r , n r
d [ Dny1, 1r r xy1 s xyr 1r r .Dny1r ry1, 1r r . 47 .r , n r r
 . ` kFor analytic functions y x s  a x these operators have also seriesks0 k
representations:
` G n q krr .
kq1l y x s a x , . r , n k G n q k q 1 rr . .ks0
` G n q krr .
ky1d y x s a x . 48 .  .r , n k G n q k y 1 rr . .ks1
The corresponding D-G-L integral and differential equations
y x y ll y x s f x , d y x y l y x s f x .  .  .  .  .  .r , n r , n
 .  .are special cases of 16 , 26 with d s 1rr, b s r, g s n y 1, a s n y
1rr y 1. Then Theorems 1, 2 give their solutions
x 1rry1 1rryr ny1. r r r ry x s f x q l x x y t E l x y t .  .  .  .H 1r r , 1r r
0




1yr jy x s b x E l x .  . j 1r r , nq1r ryj
js1
x 1rry1 1rryr ny1. r r r ny1. r r rq x x y t t E l x y t f t d t . .  .  .  .H 1r r , 1r r
0
50 .
EXAMPLE 5. The so-called Rusheweyh derivatives, defined by means of
 .  w x.the Hadamard product convolution see 10, Chap. 5
x 1
a y1, aD y x s ( y x s D y x , a ) 0 .  .  .11qa 5 G a q 1 .1 y x .
51 .
are often used in analytic functions theory. The corresponding fractional
``differential'' equations
` `




ya` `G a q k q 1 x .
k ia y l x s c x k iG a q 1 k! .ks0 is0
and according to Theorem 2, their solution are
n `
ayj a aqi ay x s b x E l x q c G a q i x E l x . .  .  .  . j a , 2 ayj i a , 2 aqi
js1 is0
53 .
From the above, interesting relations between coefficients a , c , k, i sk i
0, 1, 2, . . . , follow.
Especially, for a s 1 we obtain the following solution of the first order
y1 y1, 1  .  .  .  .  .differential equation x D y x y l y x s y9 x y l y x s f x ,1
 . ` if x [  c x :is0 i
`
iq1y x s y 0 exp l x q x c i! x E l x . 54 .  .  .  .  . i 1, iq2
is0
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 .  .It follows easily also from the well known solution y x s b exp l x q
 .  .  .exp l x w f x , if we replace f x by its series and evaluate the integrals
under the summation sign as Mittag]Leffler functions to this end formula
 .  .  ..36 is used again with exp l x s E l x .1, 1
 .EXAMPLE 6. Consider differintegral equation 37 with arbitrary a g R
and d s n s 1 « n s 1, i.e.,
xd
y aq1. aq1 1ya ay1x x y x y x t y t dt s f x . .  .  .Hdx 0
 .   ..Formula 38 gives for the solutions b s y 0
y x s xyay1 b q R1 x aq1 f x .  . .
k` yx .
a 3yk 2yl x f x w x E l x .  . 4 2, 4yk 5k!ks0
 . yaand especially, if f x s x g C , thenyay1
ik 2` `1 y1 l x .  .yay1 yaq1 3yay x s y 0 x q x y l x .  .  2 k!G 2 i q 5 y k .ks0 is0
g C . 55 .yay1
 .  .  .  .The expressions in the sample formulas 42 ] 46 , 53 ] 55 allow effi-
cient numerical procedures for their evaluation.
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